Anisotropic fluid materials are of growing interest with the development of metamaterials and transformation acoustics. In the general three-dimensional case, such materials are characterized by a bulk modulus and a full symmetric matrix of density. Here, a method is presented to retrieve the bulk modulus and all six components of the density matrix from a selected set of six incident plane waves impinging on a layer of the material. From the six components of the density tensor, the three principal directions and the three principal densities of the material are recovered. The approach relies on the analytical expression of the reflection and transmission coefficients derived from a state vector analysis. It results in simple, closed-form, and easily-implementable inverse relations for the material parameters. As an illustration, the case of sound propagation through an orthorhombic lattice of overlapping air-filled ellipsoids is considered, the effective complex and frequency-dependent bulk modulus and density matrix of which are derived from homogenization cell problems and account for viscothermal losses. The retrieval method is then applied to the homogenized layer and results bear testament to its robustness to extract accurately all seven material parameters. This makes possible the characterization and design of anisotropic fluid materials in three dimensions.
I. INTRODUCTION
With the rapid development of acoustic metamaterials and transformation acoustics, efficient characterization methods that enable to estimate the unprecedented acoustic effective properties of structured materials are timely required. Characterization methods based on the inversion of the scattering matrix [1, 2] have been largely developed in the field of metamaterials [3] and acoustic materials [4] . They are of particular interest in the design of acoustic metamaterials [5] [6] [7] since they directly provide their effective density and bulk modulus. Alternatively, these methods also turn out to be well-suited to retrieve the effective parameters of periodic arrangements of unit cells [8] , provided that their effective material supports only one propagative mode in the frequency range of interest and that Drude layers at its boundaries are accounted for at high frequencies [9] .
However, many acoustic metamaterials may be described as effective anisotropic fluids [10, 11] notably to achieve acoustic cloaking [12] . Certainly, characterization methods have been extended to characterize threedimensional anisotropic materials with principal directions belonging to the layer plane interface [7, 13] , or two-dimensional anisotropic materials with principal directions arbitrarily tilted with respect to the reference coordinate system [14, 15] . Nevertheless, no specific methods seem to have been developed to characterize fully anisotropic acoustic materials in three dimensions (3-D) . * Jean-Philippe.Groby@univ-lemans.fr Our aim here is to present a general retrieval method to extract the bulk modulus and all six components of the 3-D symmetric anisotropic tensor of density from a limited number of characterization tests. To do so, we build upon past work to extend methods based on plane wave reflection and transmission through a layer sample. Here, the general 3-D case of fully anisotropic fluid material having principal axes tilted in a-priori unknown directions is considered.
The article is organized as follows. In Sec. II, the direct problem is solved via a state vector formalism to yield the reflection and transmission coefficients. In particular, the transmission coefficient is shown to exhibit phase delays which are related to the orientation of the material with respect to the layer interfaces. These phase delays will appear to be of paramount importance in the retrieval method. In Sec. III, the inverse problem is studied and the general retrieval method is presented. It provides the analytical expression of the bulk modulus, and all six coefficients of the density tensor as functions of the reflection and transmission coefficients obtained from interrogation of the layer by incident plane waves at specific angles of incidence and orientation of the incident plane. In Sec. IV, the efficiency of the procedure is demonstrated in the case of sound propagation through an anisotropic viscothermal fluid layer made of an orthorhombic lattice of overlapping ellipsoids. The effective poroacoustic properties of the array are first derived from the theory of two-scale asymptotic homogenization [16, 17] and the retrieval method is then applied to the homogenized anisotropic layer. All seven material parameters (6 coefficients of the symmetric density tensor and bulk modulus) are accurately retrieved. They provide insight on the orientation of the material microstructure, through the recovery of the three principal directions and principal densities.
II. DIRECT PROBLEM
In this section, the plane wave propagation through a layer made of homogeneous anisotropic fluid material Ω is studied, see Fig. 1 . The layer has the thickness L and its constitutive material Ω has the bulk modulus B and density tensor ρ. In the reference Cartesian coordinate system R 0 = (O, e 1 , e 2 , e 3 ) with position coordinates (x 1 , x 2 , x 3 ), the mutually parallel plane boundaries Γ 0 and Γ L of the layer are given by the equations x 3 = 0 and x 3 = L respectively. The layer is surrounded on both sides x 3 ≤ 0 and x 3 ≥ L by a homogeneous isotropic fluid Ω 0 of scalar density ρ 0 and bulk modulus B 0 . It leads to the sound speed c 0 = B 0 /ρ 0 and characteristic impedance Z 0 = ρ 0 c 0 in the surrounding medium Ω 0 . Here, the analysis is performed in the linear harmonic regime at the circular frequency ω with the implicit time dependence e −iωt . In this system, the pressure and particle velocity fields (P, V) in the layer and (p, v) in the surrounding medium, are governed by the equations of mass and momentum conservation:
Equations (1a) and (1b) testify that the anisotropy of the material Ω in the layer is accounted for by the tensorial character of its density. As usual for passive media, the density tensor ρ is symmetric, that is t ρ = ρ where t denotes transposition. In particular, the orthonormal coordinate system R ρ = (e I , e I I , e I I I ) of its principal directions with coordinates (x I , x I I , x I I I ) can be defined so that the density matrix is diagonal in this system. In other words, the density tensor can be written as ρ = ρ = diag (ρ I , ρ I I , ρ I I I ) in R ρ , where ρ I , ρ I I and ρ I I I are the principal densities. As a result, when expressed in the reference coordinate system R 0 , the density tensor reads ρ = R · ρ · t R where R = R 3 (θ I I I ) R 2 (θ I I ) R 1 (θ I ) is the rotation matrix between the two coordinate systems, with R 1 , R 2 , R 3 being elementary matrices of rotations and θ I , θ I I and θ I I I the roll, pitch, and yaw angles. Moreover, it is worth recalling that, as effective properties, the bulk modulus B and density tensor ρ can be complex-valued and frequency-dependent. Now, the layer is submitted to the incident plane wave
propagating with a unit amplitude in the domain x 3 ≥ L with the wavenumbers where k 0 = ω/c 0 is the acoustic wavenumber in Ω 0 , while ψ and ϕ are the azimuthal and elevation angles measured from (O, x 1 ) and (O, x 3 ) respectively. Due to the linearity in the system, the Snell-Descartes Law holds: the in-plane wavevector k Γ = k 1 e 1 + k 2 e 2 of the incident field is prescribed to the fields in both Ω 0 and Ω. In the surrounding medium Ω 0 , this gives rise to the specularly reflected and transmitted waves p R and p T in the form
in domains x 3 ≥ L and x 3 ≤ 0 respectively, where R and T are the pressure reflection and transmission coefficients, while x Γ = x 1 e 1 + x 2 e 2 is the in-plane position vector. In the layer Ω, the Snell-Descartes Law implies that the pressure and velocity fields take the form
where P (x 3 ) and V(x 3 ) are independent of x Γ due to the homogeneity of the layer, but still depend on the coordinate x 3 . Substitution of Eq. (4) into (1a) leads to the following equations of apparent mass and momentum conservation involving P (x 3 ) and normal velocity
Details about the derivation of Eqs. (5a,b) are provided in the Supplementary Material. In these equations, the dimensionless vector q = q 1 e 1 + q 2 e 2 is induced by the anisotropic material which couples in-plane and normal directions, while scalars B and ρ are the apparent bulk modulus and density. Denoting the inverse of the density tensor by the symmetric tensor H = ρ −1 , the coefficients q 1 , q 2 , and the apparent density ρ are found to depend only on the (inverse) density tensor:
while the apparent bulk modulus B depends on the (inverse) density tensor, the bulk modulus B and, more importantly, on the in-plane wavevector k Γ according to
It is worth noting that apparent density ρ 0 = ρ 0 and bulk
] in the isotropic surrounding medium Ω 0 also display similar features, but the coupling vector q and the coefficient ξ 12 are zero in Ω 0 .
Introducing now the state vector W = t { P , V 3 }, the differential system in Eqs. (5a,b) can be cast in the following form, which is close to that of an homogeneous isotropic fluid, with the exception of non-zero diagonal terms induced by the anisotropic material:
This system is solved by means of matrix exponential,
Due to the continuity of the pressure and normal component of the particle velocity at the layer boundaries Γ 0 and Γ L , the values of the state vector W at the layer boundaries x 3 = 0 and
where Z 0 = ( ρ 0 B 0 ) 1/2 = Z 0 / cos ϕ is the apparent impedance of air in the direction (O, e 3 ). To calculate the exponential of the constitutive matrix M in Eq. (9), this latter is diagonalized according to
where Σ is the diagonal matrix of eigenvalues and U the matrix of associated eigenvectors:
Here, the wavenumber k and impedance Z are built from the apparent density ρ and bulk modulus B as
The eigenvalues k ± 3 of the matrix M in Eq. (12a) provide the dispersion relation in the anisotropic fluid. Indeed, the pressure field P (x 3 ) will take the form P =
, where P ± are complex amplitudes and P ± e ik ± 3 x3 represent waves propagating in the direction ±x 3 . Conversely to isotropic media, the wavenumbers k ± 3 are not necessarily opposite: their sum yields k − 3 + k + 3 = 2q · k Γ , which will be at the origin of phase delays in the transmission coefficients, as shown later. This effect is due to the coupling between the directions of the reference coordinate system operated by the anisotropic material when the density matrix is fullysymmetric. However, the coupling vector q between inplane and normal directions is zero when one principal direction of the (inverse) density tensor coincides with the direction (O, x 3 ) normal to the boundaries of the layer. Then, the anisotropy of the material Ω only influences the apparent bulk modulus B according to Eq. (7), which would depend only on the rotation of the principal directions around (O, x 3 ) .
Finally, substitution of the boundary conditions (10) and of the diagonalized form (11) of the constitutive matrix M into Eq. (9),leads to the following linear system to solve for the reflection and transmission coefficients:
Resolution of this linear system yields the following reflection and transmission coefficients:
As mentioned previously, Eq. (15b) shows that the transmission coefficient T is affected by the phase delay q·k Γ L due to the anisotropy of the material. This property will be of paramount importance when presenting the retrieval method in the next section.
III. RETRIEVAL METHOD
The problem now consists in retrieving the six components of the symmetric density tensor, and the value of the bulk modulus from the knowledge of the thickness L of the layer and the reflection and transmission coefficients, R and T , at specific azimuthal and elevation angles ψ and ϕ, that is at specific in-plane wavenumbers k Γ = (k 1 , k 2 ), see Eq. (2). Once estimated, the material parameters will be marked by the superscript † in the form (ρ be directly retrieved from the reflection and transmission coefficients, assuming the prior knowledge of the phase delay q · k Γ L affecting the transmission coefficient in Eq. (15b). Indeed, inverting the system given by Eqs. (14) with the matrices expressed in Eqs. (12a,b) , the Nicolson-Ross-Weir procedure [1, 2] can be extended to oblique incidence and anisotropic media as follows, see Supplementary Material for details:
While the sign in Eq. (16a) is actually determined by the passivity constraint Re( Z † ) ≥ 0, both signs in Eq. (16b) are physically sound. However, inverting e −i k † L is preferred here since the negative x 3 -going waves usually carry more energy than the positive ones for negative x 3 -going incident wave. That provides
where ang is the phase angle, log is the natural logarithm. In Eq. (17), the term 2nπ with integer n ∈ Z is used to unwrap the phase of χ − so that k † is continuous over the frequencies, with k † = 0 at the frequency ω = 0. The integer n has to be determined and depends on the nature of the material, but it is is usually zero when initiating the procedure at very low frequency. Further, using Eq. (13) and the values of Z † and k † , the apparent density and bulk modulus are retrieved as
It is important here to emphasize that Eqs. (16a) to (17) actually hold for any in-plane wavevector k Γ = (k 1 , k 2 ), provided that the coefficients q 1 and q 2 are known to calculate the phase delay q · k Γ L in Eq. (15b). Since q 1 and q 2 are independent of the wavevector k Γ = (k 1 , k 2 ), see Eq. (6), they can be retrieved by using two pairs of transmission coefficients as follows. Choosing T (k 1 , 0), T (−k 1 , 0) and T (0, k 2 ), T (0, −k 2 ) with wavenumbers k 1 = 0 and k 2 = 0 ensures the equality of the denominators of T (k 1 , 0) and T (−k 1 , 0) on the one hand, and those of T (0, k 2 ) and T (0, −k 2 ) on the other hand, see Eq. (15b). This can be explained by the fact that denominators of reflection and transmission coefficients actually represent the dispersion relation of the anisotropic layer modes. Using this property, the coefficients q † 1 and q † 2 are retrieved from the following relations:
At this stage, from the four transmission coefficients using the wavevectors k Γ = ±k 1 e 1 and k Γ = ±k 2 e 2 with any non-zero wavenumbers k 1 = 0 and k 2 = 0, the coefficients q † 1 and q † 2 have been retrieved. Therefore, the apparent parameters Z † and k † , and consequently ρ † and B † are not only known for k Γ = ±k 1 e 1 and k Γ = ±k 2 e 2 , but they can now be assessed for any incident wave, using Eqs. (16a-18) . This central property is used in what follows to retrieve the bulk modulus B and all six components of the density tensor ρ. Please note that to obtain B †1 ≡ B † (k 1 , 0) and B †2 ≡ B † (0, k 2 ), being respectively equal to B † (−k 1 , 0) and B † (0, −k 2 ), only two additional reflection coefficients are needed, i.e. R(k 1 , 0) and R(0, k 2 ).
To gain access to the physical bulk modulus B, a fifth characterization test at normal incidence (k 1 , k 2 ) = (0, 0) is here considered, which provides, according to Eq. (7a),
Once the bulk modulus B † is determined, it is straightforward to retrieve the coefficients ξ 11 and ξ 22 from the four characterization tests already performed with the wavevectors k Γ = ±k 1 e 1 and k Γ = ±k 2 e 2 . Indeed, using Eq. (7a), the following relation holds:
To be in a position to retrieve all coefficients of the density tensor, a sixth and final characterization test with the wavevector k Γ = (k 1 , k 2 ) such that k 1 = 0 and k 2 = 0 is considered. As it happens, with the knowledge of B † , ξ † 11 and ξ † 22 , equation (7a) is solved for ξ 12 to yield:
characterizing the anisotropic fluid material in the layer (the bulk modulus and the six coefficients of the density tensor) have been retrieved from six transmission coefficients and four associated reflection coefficients. They derive from tests performed at normal incidence ϕ ≡ 0; at oblique incidence (ϕ = 0) with opposite pairs of inplane wavevectors k Γ = (±k 1 , 0) and k Γ = (0, ±k 2 ) oriented along the axes e 1 and e 2 of the reference coordinate system; and at oblique incidence (ϕ = 0) with in-plane wavevector k Γ = (k 1 , k 2 ) out of the axes of the reference coordinate system, that is k 1 k 2 = 0.
It can be interesting to note that the apparent density ρ (or equivalently H 33 = 1/ ρ ) can actually be estimated independently in the six tests with the prior knowledge of coefficients q † 1 and/or q † 2 , see Eqs. (16a) to (17) . This property can be used to assess the accuracy of the retrieved parameters (all tests should provide the same apparent density ρ), and it can also lead to estimate ρ precisely by averaging all its retrieved values.
In the same line of thought, it is worth noting that the retrieval method has been presented on the basis of only six characterization tests. However, the wavenumbers k 1 and k 2 used for tests at oblique incidence in the directions e 1 and e 2 , and wavenumbers k 1 and k 2 used for tests at oblique incidence out of directions e 1 and e 2 are actually not specified. Several repetitions of these tests with various values of k 1 , k 2 , k 1 and k 2 (that is, various angles of incidence ϕ for all tests and various azimuthal angles ψ for the last test) can therefore be performed. This increases the number of tests but it would allow to average the various retrieved values of the material parameters, and hence smooth experimental or numerical noise in the initial data.
Finally, once the full symmetric tensor of (inverse) density is retrieved, it can be diagonalized to yield
† where ρ † is the diagonal matrix of the retrieved principal densities, see Sec. II. In particular, the columns of the retrieved rotation tensor R † actually represent the coordinates of the right-hand orthonormal eigenvectors of the density tensor in the reference coordinate system R 0 . This requires to normalize and orient correctly the eigenvectors. These latter provide precious insight on the orientation of the material axes with respect to R 0 , which can be related to the orientation of the anisotropic layer microstructure. It is worth recalling also that such orientation of material axes can be characterized by the roll, pitch, and yaw angles θ I , θ I I and θ I I I . However, these Euler angles are not unique without additional constraints on the range of their values, and without a convention to specify in which order the principal densities are sorted in the diagonal density matrix ρ † . Indeed, the order of the principal densities in ρ † determines which eigenvector of the density tensor actually plays the role of vectors e I , e I I or e I I I in the material coordinate system R ρ .
IV. APPLICATION AND VALIDATION
In this section, the efficiency of the retrieval method to estimate accurately the bulk modulus and all six components of the density tensor is demonstrated. Here, the procedure is applied to an anisotropic viscothermal fluid layer of thickness L = 3 cm under ambient conditions. For numerical applications, the air density, adiabatic constant, dynamic viscosity, specific heat capacity at constant pressure, and thermal conductivity at equilibrium are ρ 0 = 1.213 kg.m The material in the layer is supposed to be made of the periodic orthorhombic lattice of overlapping ellipsoids filled with air. As shown in Fig. 2 (a) , the rigid frame in its unit cell is obtained by extrusion of the ellipsoid having semi-axes r I = 0.66 , r I I = 1.32 , and r I I I = 1.98 in the directions (e I , e I I , e I I I ), from the parallelepiped cube having sizes l I = , l I I = 2 , and l I I I = 3 in that same coordinate system. Under the condition of the scale separation 3k 0 1, the theory of two-scale asymptotic homogenization [16, 17] can be applied to the lattice to describe it as an effective fluid material satisfying the governing equations (1a). Due to symmetries in the unit cell, the effective density tensor is diagonal in the Cartesian coordinate system R ρ = (e I , e I I , e I I I ). Each principal density ρ J with J = I, II, III of this diagonal density tensor, as well as the effective bulk modulus B are then approximated according to the following JohnsonChampoux-Allard-Lafarge (JCAL) formulas [18, 19] ,
Here, φ is the porosity, K 0 J , α ∞ J and Λ J are the viscostatic permeability, the high frequency tortuosity, and the characteristic viscous length in the direction e J with J = I, II, III, and Θ 0 and Λ are the thermo-static permeability and the characteristic thermal length. All these parameters are defined from periodic cell problems provided by the theory of two-scale asymptotic homogenization [16, 17] . These latter, recalled in the Supplemen- In what follows, the characteristic pore size = 200 µm has been chosen so that 3k 0 ≈ 0.11 at 10 kHz, which guarantees that the condition of scale separation is satisfied sharply in the frequency range [10 Hz, 10 kHz] over which the retrieval method will be applied. With such a sharp separation of scales, the Drude boundary layers at the layer interfaces Γ 0 and Γ L can be neglected [16, 20] . Moreover, the layer includes 150 unit cells in its thickness, which guarantees a bulk behaviour of the material. Now, the diagonal matrix density ρ with principal densities given by Eq. (25a) is rotated by the roll, pitch an yaw angles θ I = π/6, θ I I = π/4, and θ I I I = π/3 to result in the fully-anisotropic density tensor ρ = R · ρ · t R with R = R 3 (θ I I I ) R 2 (θ I I ) R 1 (θ I ). Reflection and transmission coefficients related to incident plane waves impinging the layer are then computed by means of the Finite Element Method using the software COMSOL Multiphysics R , thus ensuring that the inverse crime is not committed.
To illustrate the generality of the retrieval method, different angles of incidence have been considered for the different tests, although they can very well be identical in practice. To form the pair of in-plane wavevectors k Γ = ±k 1 e 1 having orientations of the incident plane given by the angles ψ = 0 and ψ = π, the angle of incidence ϕ = π/3 has been used. To form the pair of in-plane wavevectors k Γ = ±k 2 e 2 in the planes of incidence oriented by ψ = ±π/2 , the the angle of incidence ϕ = π/6 has been used. Finally, the angle of incidence ϕ = π/4 in the plane of incidence oriented by ψ = π/3 has been considered to yield the in-plane wavevector k Γ = k 1 e 1 + k 2 e 2 , see Sec. III.
The retrieval method has been applied to give access to the bulk modulus and the six components of the density tensor. The reconstructed normalized bulk modulus B † /P 0 and normalized components of the density tensor ρ
